In the uncertain environment of population and economy; the pension plan for urban employees in China is under threat from various types of financial risk. This paper mainly builds a comprehensive risk assessment system to evaluate the solvency sustainability of the urban employees' pension plan of China. Specifically, we forecast annual accumulative net asset; actuarial balance; and potential support ratio for the next seventy years. To account for the impact of demographic uncertainty on long-term finances, stochastic simulations are used to estimate the probability distribution of relative risk indicators. Moreover, we integrate the Lee-Carter model into the population projection. According to the median projection, the public pension fund will have a gap in about 35 years; and the cash flow will be negative about 25 years later. Furthermore, under the existing policy, the burden of insured employees will increase rapidly. Delayed retirement could relieve the coming solvency risk, but it does not fundamentally resolve the solvency problem in the long run.
Introduction
The financial risk of the pension plan has been extensively studied by academics and social security agencies, and especially, the longevity risk brought about by population aging has become a worldwide issue. The population of China is aging more rapidly than other countries and the accumulated pension debt becomes larger and more widespread each year [1] . To improve the solvency of the public pension plan, the Chinese government has introduced a two-child family planning policy and a delayed retirement policy. However, because of the uncertainty regarding future demographic developments, the exact timing and structure of related policy reforms depend on the quantitative analysis of the whole social security system. Thus, accurate risk assessments of old-age security system are fundamental to avoid the shocks of demographic structure and economic transition. Furthermore, the stochastic projections of long-term finances of the pension plan could also optimize the design of the old-age security system and enhance the solvency sustainability.
In order to make a more comprehensive decision, administrators are not only required to project the long-term outcomes of risk indicators, but also required to quantify the uncertainty of these indicators as much as possible. For instance, consider a scenario where one pension plan will maintain sustainability for the next fifty years, but that there is a 25% probability that the plan is expected to be insolvent for the next twenty years; for another scenario, it has a positive cumulative balance for the next forty five years, but there is a 20% probability that the plan has a negative cumulative balance for on the development of human resources and social security [14] . Figure 2 presents the growth rate of annual revenue, annual expenditure, and accumulated net asset. It is noteworthy that the gap between the growth rate of revenue and expenditure shows a trend of increasing year by year. The growth rate of the cumulative pension fund also shows a downward trend, which means that with the aging of population, the fiscal gap of the public pension fund is only a matter of time. [14] and the author's own calculations.
In order to increase the income of investment, on 1 April 2015, the State Council of China's executive meeting decided to appropriately expand the scope of pension fund investment, expand the pension fund investment to local government bonds, equity investment, trust loan investment, interbank deposit certificate and so on [15] . In this context, we need to pay more attention to the impact of economic crisis. When the economic crisis happens, the agents' wage will decline, the unemployment rate will increase, and the rate of return will be lower, which will directly lead to the reduction of the income of the pension fund. However, governments often hesitate to reduce pension benefits [16] . Thus, the sustainability of the pension system will become even less sustainable in the context of an economic crisis.
Method

Modelling Demographic Variables
The basic demographic inputs, varied stochastically, in the analysis of long-term projections are age-specific fertility and mortality. Considering the characteristic of age-sex specific mortality, we use the classical Lee-Carter (LC) approach combined with the statistical extrapolation equation to project future mortality. The age-specific fertility is then predicted using time-series equations. In addition, long-held assumption underlying the time-series models is that the probability distribution of annual random shocks can be approximated with normal distribution.
Lee-Carter Approach for Mortality Forecasting
The LC method [8] , also known as principal-components-based model, was proposed by Lee and Carter (1992) . The model can be expressed as follows:
where: m x,t denotes central mortality rate aged x in calendar year t; a x = (1/T) ∑ t ln(m x,t ) denotes age-specific parameter, reflecting the constant age pattern of log mortality rates averaged across years; b x denotes the sensitivity of the age factors on time parameter k t ; k t denotes time-varying intensity index of mortality, measuring the speed of mortality change over time; ε x,t denotes random error term, satisfying the assumption of independent identically distributed. In order to ensure a unique solution of parameter estimation for the bilinear multiplicative constructed model, the identifying constrains are chosen as model (2) . In the stage of parameter estimation, firstly we estimate a x through historical mortality data for which age separate into 19 unit groups (0-4, 5-9, 10-14, . . . , 80-84, 85-89, 90+). Secondly, we use singular value decomposition (SVD) to estimate parameters b x and k t , which is consistent with Lee and Carter (1992) . The SVD method is implemented by decomposing the matrix ln(m x,t ) − a x ), which can be expressed as:
By using the constraints (2), the preliminary fitted results of b x and k t are estimated as:
where → u 1 is the first column of singular vector U, and → v 1 is the first column of singular vector V . Singular vectors U and V , decomposed from the matrix ln(m x,t ) − a x , denote the characteristic of age composition and time index, and s 1 denotes the first singular value of diagonal matrix S. Thirdly, time-series equation is used to forecast k t based on the historical data decomposed in the second procedure. According to Akaike information criterion (AIC), the extrapolated equation of k t for females is in accordance with ARIMA (0,1,1) process:
Index k t for male data is estimated according to an ARMA (3,0,0) process:
The expected future values of k t are forecasted by solving the estimated equation forward through time, and the probability distributions of future forecasts are generated by Monte Carlo simulations. The future mortality can be finally calculated as: In this subsection we constructed time-series equations of age-specific fertility. The Bayesian forecasting method could give an accurate projection [17] , but that is not consistent with the stochastic actuarial framework of the U.S. Social Security Administration and Congressional Budget Office [4, 18] , which we used as a benchmark. Seven groups of age-specific fertility are estimated using ARIMA models involving one or two autoregressive variables with a moving-average term of annual fluctuations. Table 1 shows time-series equations of fertility for each age group, and the principle of uncertainty prediction is consistent with mortality projection. 
Matrix Modeling of Population Projection
Cohort Component Method has been used in the past to project the structures of populations [19] [20] [21] . A major advantage of this method is that it can forecast populations by constructing an age-classified transition matrix, also known as Leslie matrix. To construct the transition matrix, firstly, we model iterative equations that encompass the demographic elements as:
where P s,t denotes the population of age class s in year t; p denotes the survival rate of an age-sex class; b m s,t denotes the age specific fertility rate of baby boys in year t; b f s,t denotes the age specific fertility rate of baby girls in year t; F s,t denotes age specific fertility rate in year t; w denotes the sex ratio at birth. The indexes m, f , t, and s denote male, female, time, and age. Based on the assumption of a five-year cycle, the women of childbearing age will experience five reproductive opportunities. So, the number of births per year (b s,t ) needs to be adjusted to the number of births in five years (5b s,t ) in the transition equation [22] . Because most of the members in the social pooling pension scheme are employees of state-owned enterprises, the migration rate of these employees can be neglected in the long run. These equations can be conveniently written in matrix form as:
. . .
or in more compactly form:
The population of urban insured employees is calculated on the basis of the projected age-sex specific population. The forecasted model of insured employees can be represented as follows:
The population of beneficiaries comprise new arrivals reached retirement age and survived retirees in previous years, which can be calculated as follows:
where P a,t denotes the population of insured employees in year t; P b,t denotes the population of the pension beneficiaries in year t; c t denotes the urbanization rate of population in year t; j t denotes the ratio of urban employment in year t; m t denotes the coverage ratio of urban employee's pension plan in year t. The indexes m, f, and s refer to male, female and age respectively.
Actuarial Indicators of Financial Risk
W. Cheng et al., 2004 proposed various types of financial measures to assess the actuarial status of the combined OASDI Trust Funds under the U.S. pension plan's financing approach: (1) annual actuarial balances, income rates, and cost rates; (2) potential support ratio; (3) trust fund ratio; and (4) open group unfunded obligation [4] . For any given year, the annual actuarial balance equals the income rate minus the cost rate, and the time at which the annual balance changes from positive to negative values should be paid more attention. The potential support ratio, i.e., the comparison of workers to beneficiaries, could monitoring shocks in aging risk of the pension plan. The trust fund ratio is the ratio of the asset at the beginning of the year to the total outgo during that year, which is a useful indicator of the adequacy of the financial resources. The open group unfunded obligation is a summary indicator measuring the size of any shortfall in present-value discounted dollars. Similarly, based on the financing mode of China's social pooling account, we use three actuarial indicators to measure the financial risk: the accumulated net asset, annual actuarial balance, and potential support ratio. These measures could assess the fiscal gap, liquidity risk, and aging risk of a DB pension scheme in a comprehensive way. The accumulated net asset at the end of a given year is numerically equal to the asset at the beginning of the year, plus payroll taxes, plus interest income, less scheduled benefits, less transition debt, and the administrative expenses are neglected in the long run. The actuarial model of accumulated net asset can be expressed as:
where: TPD t denotes the total transition pension debt in year t; I t denotes the contributions from payroll tax in year t; E t denotes the scheduled benefits in year t; T t denotes the accumulated net asset in year t. The actuarial model of I t and E t can be expressed as:
For the purpose of measuring the expected pattern of cash flow, annual actuarial balance is modeled as:
For the purpose of measuring the burden placed on the working population by the retirees, potential support ratio is modeled as:
where: C t denotes contribution ratio of taxable payroll in year t; W t denotes average wage of urban employee in year t; P t,a denotes population of insured employee in year t; R t denotes replacement ratio of the social pooling pension in year t; P t,b denotes population of the pension beneficiaries in year t; r denotes interest rate of the social pooling fund in year t; AB t denotes the actuarial balance in year t; PSR t denotes the potential support ratio in year t.
Data and Actuarial Assumptions
For using the actuarial models given in the previous three subsections, it is necessary to explain data source and make assumptions about model parameters based on the pension system.
(1) Initial population: The matrix model of population projection uses age-sex specific population data of 2013 as the initial population vector. The data can be obtained from China population and employment statistics yearbook [23]. (2) Entry age: The legal age of employment in China should be more than 16. Similar to previous study [24] , we suppose the entry age for insurance is 20 over the long term. (3) Normal retirement age: In the current legal provisions, male workers retire at the age of 60, female workers retire at the age of 50, and female staff managers retire at 55 [6, 25] . But with the implementation of policy for gradually suspending the retirement age of employees, the retirement age will be delayed. Thus, the retirement age is set to be 60 for men and 55 for women. (4) Sex ratio at birth: According to the National Population Development Plan (2016-2030), the future objective of gender ratio is set to be 112 at year 2020 and 107 at year 2030 [26] . With the reduction of gender preference, the gender ratio of Chinese urban infants is supposed to be 107 boys to 100 girls. The urban development report of China indicates that the urbanization rate of China will increase to more than 75 percent by 2050. Hence, the urbanization rate is set to increase year by year to reach 75 percent. (8) Urban employment rate: According to the Statistical Yearbook of China, the ratio of urban employment in the past year has remained at around 85%. Thus, this paper assumes that the future urban employment rate will remain at this level in the prediction interval. (9) The social pooling replacement rate: According to the State Council (2005) document No. 38, the total replacement rate of an urban employee contributed payroll tax for more than 35 years is set to 59.2 percent of social average wage, and the social pooling replacement rate is set at 35 percent of social average wage [13] . (10) Return rate: Referring to past study [8] and recent changes, we assume that the interest rate under the benchmark scenario is 0.03.
Stochastic Assessments of Relative Financial Risk Indicators
In this section we assess the financial risk of the pension plan by projecting the long-term actuarial indicators stochastically. To present uncertainty of these financial measurement, time-series uncertainty bands are delineated using percentiles of the forecasts, and the results illustrated here are all based on 5000 stochastic simulations.
Stochastic Assessment of Accuulated Net Asset
The annual cumulative asset (or fiscal gap when it is negative) is a common measure to evaluate pension fund's solvency. Figure 3 For any given year, these lines represent the percentile distribution of accumulated net asset based on all simulated results. The median line (50th percentile) for each year is the cumulative asset for which half of the simulated outcomes are higher and half are lower for that year. The other trend lines delineate the 95-percent, 80-percent confidence intervals expected for future cumulative net asset. It can be seen that the accumulated net asset will increase slowly in the early stage and then decrease rapidly after 2033, and the range of uncertainty increases as time continues. Table 2 gives confidence intervals of cumulative assets range from 2018 to 2088. As shown in the first two columns, there is a 95-percent probability that the social pooling pension fund will be exhausted between years 2043-2048. Under the existing policy environment, the social pooling system will experience a heavy burden in 2088. 
Stochastic Assessment of Annual Actuarial Balance
Annual actuarial balance is used to monitor the expected cash flow of the pension fund. As shown in model (21) , this indicator could reflect the liquidity risk of the pension fund. The results obtained from 5000 stochastic simulations of annual actuarial balance are set out in Figure 4 . The outer solid lines represent the upper and lower bound of the 95 confidence interval and the inner dashed lines represent the upper and lower bound of the 80 confidence interval. In general, there is a decreasing trend in the forecast period. As with the cumulative net asset projections, the uncertainty regarding the actuarial balance increases as time progresses, and the uncertainty concerning the actuarial balance projections is larger than the uncertainty concerning the cumulative asset projections. Table 3 shows confidence intervals for annual actuarial balance in the projection year. As described by the data, the expected annual balance first becomes negative between years 2028-2033, and the cash flow will remain negative thereafter if contributions are collected as scheduled. The projected value in 2088 indicates that in order to balance the income and expenditure, nearly four times taxable wage will be used to improve the deteriorated cash flow. 
Stochastic Assessment of Potential Support Ratio
Compared with the dependency ratio, potential support ratio can evaluate how many workers are needed to support retirees in the social pooling pension system, and it can also be used to analyze fertility policy adjustment, labor market and insured ratio. As reported by the annual report on the development of social insurance in China 2015, the ratio of insured workers to beneficiaries has fell from 2.97 in 2014 to about 2.87 in 2015, which means that less than three employees raise up one elderly in the social pooling system. Figure 5 shows the time-series uncertainty bands for the potential support ratio produced by stochastic simulations. The two extreme lines in the figure illustrate the range of a 95 percent confidence interval, and the internals are shown for 80-percent confidence range. It can be seen that the potential support ratio will undoubtedly decrease, and this trend indicates that the PAYG-mode social pooling pension system requires more labors to pay for the increasing retirement. As with the projections of actuarial balance, the uncertainty regarding the ratio increases as time progresses, and the uncertainty concerning the potential support ratio is also less than the uncertainty concerning the actuarial balance projections. According to the decline rate of the ratio, the projection period 2018-2023 has a faster rate of decline than the period 2028-2088, and possible reason to explain this phenomenon may be attributed to the retirement of baby boomers. Table 4 shows confidence intervals for the potential support ratio in the projection year. As can be seen, the dependency burden of workers in the pension system will increase year by year. Furthermore, it is alarming to note that each worker would afford a retiree's pension benefit after forty years if there are no other improvements. While it may be possible to reduce tax burden by expanding the coverage of old-age insurance, the employees are still facing an increasing payroll tax, especially from population aging. 
Scenario Analysis
Through the simulated results of the fourth section, it is clearly that the pension plan of China are facing financial risk in the near future. To improve the solvency of the pension plan, the usual practice is to delay retirement age or improve pension fund yield. According to the third session of the 18th Conference of the Chinese Communist Party, the government decided to postpone the retirement age in progressive steps. This section we present two scenarios to examine the impact of postponing retirement age on the risk indicators. The baseline scenario assumes that the employees retire at the existing benchmark age, while the delayed retirement scenario supposes that the retirement age is raised from 55 to 60 for women and from 60 to 65 for men.
Since the accumulated net asset and annual actuarial balance depend on the potential support ratio, so we first examine impact of postponing retirement age on potential support ratio. As presented in Figure 6 , the potential support ratio in both scenarios will experience a downward trend. The potential support ratio in the baseline scenario decreases from 3.11 in 2018 to 0.82 in 2088. While in the delayed retirement scenario, the potential support ratio decreases from 6.45 in 2018 to 1.35 in 2088. With the implementation of the delayed retirement policy, the predicted value of potential support ratio will increase by two times on average during the horizon 2018-2048. It can be seen clearly that the burden of the insured employees will be relieved to a great extent.
Next, we analyze the projection of accumulated net asset in the baseline and delayed retirement scenarios. Figure 7 provides the median projections of accumulated net asset in two scenarios. We can see that the accumulated net asset in both scenarios will increase slowly and then decrease. The difference is that the baseline accumulated net asset will peak in 2033, while the accumulated net asset in delayed retirement scenario will peak in 2068. Moreover, the decline rate of accumulated net asset in the delayed retirement scenario is lower than the baseline case. According to the median projection, the pension plan will become unstainable in 2048 in the baseline scenario, while the pension plan in the delay retirement scenario will be unstainable in 2083. Thirdly, we examine impact of postponing retirement age on annual actuarial balance. As presented in Figure 8 , the median projection of annual actuarial balance in both scenarios will experience a downward trend. According to the simulated results, the baseline actuarial balance will be negative in 2038, while in delayed retirement scenario the actuarial balance will be negative in 2063. Evidently, the delayed retirement policy can effectively improve the cash flow pattern of the pension plan. 
Conclusions
The uncertainty derived from vital demographic rates makes it difficult to project financial outcomes exactly. In the stochastic actuarial framework proposed by the U.S. Security Administration, we construct a comprehensive risk assessment system to monitor the financial risk of the pension plan in China. From the illustrated results, it is clear that the stochastic assessments give more accurate and transparent outcomes in the long-term projection. The risk assessments indicate that the public pension fund of China is facing a gap in the end of valuation period, and the median deficit would attain 2270 trillion yuan. Furthermore, with the rapidly process of population aging, the insured workers will bear more pressure of retirement, and the pension fund would also experience a liquidity risk since the expected cash flow tend to be negative after 2033. The scenario analysis indicates that the delayed retirement policy can greatly reduce the financial risk in the medium-term, but the pension plan still faces financial risks in the long run. In general, the solvency of social polling pension fund is not optimistic, and sustainable policies need to be implemented to improve the solvency of the pension fund. The innovation of this research is that we extend the risk assessment to monitor the trends of liquidity risk and dependency burden in the long term. Moreover, in the stochastic simulation of the population module, we propose Lee-Carter model to forecast the age-specific mortality. The adoption of Lee-Carter model could effectively reduce the generations of random number and error during simulation process.
However, it should be noted that the study has examined uncertainty derived only from demographic variables, and this will underestimate the degree of uncertainty in the projection. Moreover, we do not consider the impacts of macroeconomic conditions, family insurance, and healthcare. In the uncertain environment, the rate of economic growth is key for the sustainability of the pension system. During the period of economic growth, the rate of wage growth and the rate of return on assets will increase, and the pension plan will be greatly improved. But, in the economic downturn, the pension plan will face a heavy financial burden. Because of the uncertainty of system reform and the deterioration of family insurance due to the one-child policy [27] [28] [29] , households tend to increase the precautionary savings, thus causing an increase in the savings rate. The high saving rate has funded capital accumulation which in turn has been the primary driver of China's economic growth [30] . Other factors that affect pension plan include sex ratio and health care [31, 32] , and it is clear that our research needs to further explore the impacts of these factors. Notwithstanding its limitation, the study does suggest that the quantification of demographic uncertainty is beneficial to formulate reasonable policies related to birth control and retirement.
